Introduction
The theory of relational systems and of binary relations was settled in the pioneering work by J. Riguet ([6] ) and the classical algebraic approach by A. I. Mal'cev ( [5] ). Several properties of equivalences and homomorphisms were treated by the first author in [2] for equivalence systems, in [4] for quasiordered 38 Ivan CHAJDA, Helmut LÄNGER sets and in [3] for posets. It turns out that these results can be extended to arbitrary relational systems. This is the aim of the present paper. In particular, we set up several properties of quotient relational systems and relate the concept of strong homomorphism to that of cone preserving mapping.
We start with the definition of a relational system. Definition 1.1 By a relational system we mean an ordered pair A = (A, R) consisting of a set A and a binary relation R on A. A is called connex if for all a, b ∈ A either (a, b) ∈ R or (b, a) ∈ R (or both). A is called directed if
Quotient relational systems
In this section we investigate quotients of relational systems by equivalence relations. The aim is to show what properties of a given relation are preserved under factorization by means of an equivalence. First we define a quotient relational system as follows:
Definition 2.1 Let A = (A, R) be a relational system and Θ an equivalence relation on A. Then A/Θ := (A/Θ, R/Θ) where
is called the quotient relational system of A by Θ.
The following lemma will be useful in the proof of the next theorem.
Lemma 2.2
Let A = (A, R) be a relational system, a, b ∈ A and Θ an equivalence relation on A. Then the following are equivalent:
Proof Both (i) and (ii) are equivalent to the fact that there exists
Now we characterize some properties of the relation R/Θ. (ii) R/Θ is symmetric if and only if
Quotients and homomorphisms of relational systems
Proof Let a, b ∈ A. We use Lemma 2.2.
(ii) R/Θ is symmetric if and only if Θ • R • Θ has this property.
(iv) The following are equivalent:
Corollary 2.4 Let A = (A, R) be a relational system and Θ an equivalence relation on A. Then (i)-(iii) hold:
(ii) If R is symmetric then so is R/Θ.
Remark 2.5 It was proved in Theorem 2 of [1] that if R is transitive then R/Θ
need not have this property.
Homomorphisms of relational systems
In this section we investigate the interplay between different properties of mappings between relational systems. The aim is to characterize strong and cone preserving mappings and homomorphisms by means of the relational products with the induced equivalence. In the following, if A = (A, F ) and B = (B, S) are relational systems and f : A → B a map from A to B then
Moreover, if Θ is an equivalence relation on A then f Θ denotes the canonical mapping
Ivan CHAJDA, Helmut LÄNGER Definition 3.1 (cf. [4] and [5] ) Let A = (A, R) and B = (B, S) be relational systems and f : A → B.
Remark 3.2 (iii) extends the concept defined in [4] for quasiordered sets. Obviously, f is a homomorphism from A to B if and only if
for all a ∈ A. Hence, if f is cone preserving then it is a homomorphism from A to B.
Lemma 3.3
Let A = (A, F ) be a relational system and Θ an equivalence relation on A. Then f Θ is a strong homomorphism from A onto A/Θ and R/Θ is the smallest binary relation T on A/Θ such that f Θ is a homomorphism from A to (A/Θ, T ).
Proof The proof is straightforward. 2
For all sets A, B and every map f : A → B let ker f denote the equivalence relation on A induced by f . Now we state some characterizations of the notion of homomorphism which will be used later. 
Lemma 3.5 Let A = (A, R) and B = (B, S) be relational systems and f a mapping from A onto B. Then the following are equivalent:
Proof Both are equivalent to the fact that for all a, b ∈ A with (f (a),
Theorem 3.6 Let A = (A, R) and B = (B, S) be relational systems and f a homomorphism from A onto B. Then the following are equivalent:
Proof This follows from Lemmata 3.4 and 3.5. (i) f is cone preserving.
Proof The following are equivalent: (i) f is cone preserving.
Proof This follows from Lemmata 3.4 and 3.7. 2 Theorem 3.9 Let A = (A, R) and B = (B, S) be relational systems and f a strong homomorphism from A onto B. Then the following are equivalent:
This follows from Lemmata 3.7 and 3.4.
(ii) ⇒ (i):
and hence f is cone preserving according to Theorem 3.8. 2
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Ivan CHAJDA, Helmut LÄNGER Corollary 3.10 Let A = (A, R) and B = (B, S) be relational systems, assume R to be symmetric and let f be a strong homomorphism from A onto B. Then the following are equivalent:
This follows from Theorem 3.9. 2 Corollary 3.11 Let A = (A, R) be a relational system and Θ an equivalence relation on A. Then the following are equivalent:
Proof This follows from Lemma 3.3 and Theorem 3.9. 2 Corollary 3.12 Let A = (A, R) and B = (B, S) be relational systems and f a cone preserving mapping from A onto B. Then f is strong.
Proof This follows from Lemmata 3.7 and 3.5. 2
Groupoids corresponding to relational systems
In this section we associate to certain relational systems certain groupoids and investigate relationships between homomorhisms and congruence relations of certain relational systems on the one hand and of the corresponding groupoids on the other hand.
Definition 4.1 Let A = (A, R) be a relational system. We say that a groupoid
Remark 4.2 Every relational system A = (A, R) can be extended to a directed one by adjoining one element: In what follows, if we consider a groupoid G corresponding to a relational system A = (A, R) we assume that G exists, it means that A is (partly) directed, i.e. if a, b ∈ A and (a, b) / ∈ R then the upper cone U R (a, b) of {a, b} with respect to R is not empty. 
